
Journal of Geometry and Physics 56 (2006) 405–417

Open-closed string duality from orbifolded conifolds

Seungjoon Hyuna, Kyungho Ohb,∗
a Institute of Physics and Applied Physics, Yonsei University, Seoul 120-749, Korea

b Department of Mathematics and Department of Physics and Astronomy, University of Missouri-St. Louis,
8001 Natural Bridge Road, St. Louis, MO 63121, USA

Received 8 December 2004; accepted 18 February 2005
Available online 9 March 2005

Abstract

We study largeN dualities for a class ofN = 1 theories realized on type IIB D5 branes wrapping
two-cycles of local Calabi-Yau three-fold which is obtained from resolving orbifolded conifolds or
as effective field theories on D4 branes in type IIA brane configurations. The field theory isN = 1
supersymmetric

∏
U(Nij) Yang-Mills gauge theory. Strong coupling effects are analyzed in the

deformed geometry. We propose closed string duality via a geometric transition in toric geometry.
The T-dual type IIA picture and M-theory lifting are also considered.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Duality between open and closed string is one of the most intriguing features of string
theory and impetus for current activities in topological string theory[1–3]. The large
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N duality between Chern-Simons theory on theS3 cycle of the deformed conifold and
topological closed strings on the resolved conifold was observed in[4] and the result was
embedded in type IIA strings by Vafa[5]. The topological transition becomes a geometric
transition between D6 branes on theS3 of the deformed conifold and type IIA strings
on the resolved conifold, with fluxes or between D5 branes wrapped on theP1 cycle of
the resolved conifold and type IIB on the deformed conifold with fluxes. The type IIB
formulation has been extended to a large class of geometric transition dualities, for various
local Calabi-Yau geometries[6–15].

In the present paper, we begin with orbifolded conifoldsCkl which is an orbifold of
the three dimensional conifoldxy − uv = 0 by a discrete groupZk × Zl. The resulting
singularity is a toric singularity whose equation can be written after coordinate changes as

xy = zk, uv = zl (1.1)

and we describe a partial resolution of the singularity where the worst singularities are
conifolds. Then we take a small resolution of this geometry by replacing each singular point
by P1. The normal bundle ofP1 will be O(−1) +O(−1) and by wrappingNij D5 branes
around eachP1 cycles, we obtainN = 1 supersymmetric gauge theory with gauge group∏k

i=1
∏l

j=1 U(Nij) from type IIB open string theory. Following AdS/CFT, the branes will
disappear while fluxes remain through three Lagrangian cycles in a new geometry in the large
Nij limit. Now in the strong coupling regime, each gauge group has a gluino condensation.
This new geometry is obtained by deforming the partially resolved orbifolded conifold
whereP1 cycles are shrunken and are replaced by theS3 cycles with RR, NS fluxes. The
gluino condensation are mapped into the sizes ofS3 cycles which are periods of holomorphic
three forms.

TheC∗ action on the orbifolded conifold by

λ(x, y, u, v, z) → (λx, λ−1y, λu, λ−1v, z), λ ∈ C∗ (1.2)

on (1.1) naturally extends to the resolved orbifolded conifold and by taking T-dual along
theU(1) direction, one obtain type IIA pictures which have been explored in a series of
papers[12,13,16]. We may now lift this type IIA theory to eleven dimensional M theory
where the brane configuration give rises to a Riemann surface embedded in a complex three
dimensional space.

2. Vafa’s closed string dualities

We will briefly review some of features of Vafa’sN = 1 open and closed string dualities
for largeN which will be used later. Consider type IIB theory on a non-compact Calabi-Yau
three-foldO(−1) + O(−1) of P1 which is a small resolution of the conifold:

xy − uv = 0 (2.1)

by wrappingN D5 branes onP1. This gives a four dimensionalN = 1U(N) pure Yang-Mills
theory described by open strings ending on the D5 branes, in the small ’t Hooft parameter
regime. Vafa’s duality states that in the largeN limit (large ’t Hooft parameter regime), this
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is equivalent to type IIB on the deformed conifold:

f = xy − uv − µ = 0. (2.2)

In the deformed conifold, theP1 cycle is shrunken and replaced byS3 of sizeµ which is
identified with the condensate of theSU(N) glueball superfieldS = − 1

32π2 TrWαWα. The
description is now in terms of closed strings. Rather than theN original D5 branes, there
are nowN units of RR flux throughS3, and also some NS flux through the non-compact
cycle dual toS3. The glueballS is identified with the flux of the holomorphic 3-form on the
compact 3-cycle of the deformed conifold

S =
∫

A

� (2.3)

and the integral of holomorphic 3-form on the noncompact 3-cycle is made with introducing
a cut-off�0:

� =
∫ �0

B

� = 1

2πi
(−3S log�0 − S + S logS) (2.4)

The effective superpotential is written as

Weff =
∫

(HRR + τHNS) ∧ � (2.5)

whereHRR is the RR flux on the A-cycle and is due to theN D5 branes andHNS is the NS
flux on the noncompact B-cycle. By using the usual IR/UV identification in the AdS/CFT
conjecture, we identify the large distance�0 (small IR scale) in supergravity with the small
distance (large UV scale) in the field theory such that the coupling constant in field theory
is constant and finite in UV. After doing so, the form of the effective superpotential is

Weff = S log

[
�3N

SN

]
+ NS (2.6)

The condition of supersymmetry implies that the derivative ofWeff with respect toS is
zero which implies thatS getsN discrete values, separated by a phase. This is the gluino
condensation in the field theory and signals the breaking of the chiral symmetryZ2N → Z2.
The gluons ofSU(N) get a mass so theSU(N) gets a mass gap and confines. What remains
is theU(1) part ofU(N) whose coupling constant is equal to the coupling constant of the
U(N) theory divided byN.

The lift of the transition to M theory by using MQCD was considered in[12,13,16]. A
T-duality of the geometrical constructions takes the N D5 branes wrapped onP1 to a brane
configuration with two orthogonal NS branes on the directionsx andy (together with four
directions corresponding to the Minkowski space) andN D4 branes in the the directionxn.
The lift to M theory involves a single M5 brane which has the worldvolumeR1,3 × � where

� is a 2-dim. manifold holomorphically embedded in (x, y, t) wheret = exp
(

xn

R10
+ ix10

)
.

When theP1 cycle shrinks, the directionxn goes to zero and eventually the coordinatet
becomes the coordinate of a circle. Because we cannot embed holomorphically into a circle,
it results that the coordinatet of the M5 brane become constant and� is embedded inside
xy = const. where the constant is related to the scale of theU(N) theory. After reducing to
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ten dimensions,xy = const. becomes the equations for a 2-dimensional surface where an
NS brane is wrapped, which is T-dual to the deformed conifold and the constant is related
to the size of theS3 cycle. Therefore we could explicitly see the relation between the scale
of theU(N) theory and the size of theS3 cycle.

The transition has been generalized to more complicated geometries in[7–11], where
the blown-up geometry involves moreP1 cycles and the deformed geometry involves more
S3 cycles. In[6,11], it has been explored that the largeN dualities from type IIB, type IIA
and M-theory perspectives for large classes of theN = 1 supersymmetric gauge theories by
wrapping D5 branes on blown-upP1 cycles in Calabi-Yau which are obtained by deforming
resolved ALE spaces of the ADE singularities. It begins with theN = 2 quiver gauge
associated with the ADE Dynkin diagrams, which can be geometrically engineered on the
resolved ALE spaces. Then theN = 1 theory is obtained by adding a superpotential for the
adjoint fields,Wi(	i), thus the full tree-level superpotential is

W =
n∑

i=1

Wi − Tr
n∑

i=1

n∑
j=1

si,jQi,j	jQj,i, whereWi = Tr
di+1∑
j=1

gi,j−1	
j
i , (2.7)

with adjoints	 and bifundamentalsQi,j, which fixes the moduli space of theN = 1 theory.

3. Toric description of orbifolded conifolds

In this section, we begin with toric description of orbifolded conifolds and the D-brane
world-volume gauge theory on its resolution. The orbifolded conifolds have been studied
in various aspects[17,18]. A toric variety is a space which contains algebraic torus (C∗)d

as an open dense subset. For example, a projective spacePd = (Cd+1 − {0})/C∗ is a toric
variety because it contains (C∗)d ∼= (C∗)d+1/C∗ ⊂ (Cd+1 − {0})/C∗. As in the case of the
projective space, we will express our toric varieties as a quotient space (this can be thought
of as a holomorphic quotient in the sense of the geometric invariant theory[19] or as a
symplectic reduction as in gauged linear sigma model. In our cases, these two will be the
same[20]):

V
 = (Cq − F
)//(C∗)q−d (3.1)

whereq, F
 and the action of (C∗)q−d on Cq are determined by a combinatorial data
.
Now we give a description of the combinatorial data
 for Gorenstein canonical singularity
(i.e. a singularity with a trivial canonical class,K). Consider vectorsv1, . . . , vq in a lattice
N = Zd ⊂ NR = N ⊗ R = Rd in general position. We introduce the corresponding homo-
geneous coordinatesxi for of Cq − F
 in the holomorphic quotients. In gauged linear sigma
model, these correspond to matter multiplets. There will be (q − d) independent relations

q∑
i=1

Q
(a)
i vi = 0, a = 1, . . . , q − d. (3.2)
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Here Q(a)’s correspond to the charges of the matter fields underU(1)q−d which is the
maximal compact subgroup of (C∗)q−d . The D-term equations will be

q∑
i=1

Q
(a)
i |xi|2 = ra, a = 1, . . . , q − d. (3.3)

In the holomorphic quotient, the charge matrix whose column vectors consist ofQ(a) de-
termines the action of (C∗)q−d on Cq i.e. the action of (λ1, λ2, . . . , λq−d) ∈ (C∗)q−d on
(x1, . . . , xq) ∈ Cq is given by(

λ
Q

(1)
1

1 λ
Q

(2)
1

2 · · · λQ
(q−d)
1

q−d x1, λ
Q

(1)
2

1 λ
Q

(2)
2

2 · · · λQ
(q−d)
2

q−d x2, . . . , λ
Q

(1)
q

1 λ
Q

(2)
q

2 · · · λQ
(q−d)
q

q−d xq

)
(3.4)

Here the action can be carried out as written or in two steps, an (R+)q−d action and a
U(1)q−d action if Kähler. The quotient will depend on the gauge fixing determined by the
(R+)q−d action i.e. the moment map. In the holomorphic approach, this corresponds to
different spacesF
 which give rise to (partial) resolutions of the original spaceV
. In toric
diagram, this corresponds to different triangulations of a convex cone inRd determined by
{v1, . . . , vq}. The collection of these combinatorial data is denoted by
 called a fan. The
quotient spaceV
 will have Gorenstein canonical singularity if there existsu ∈ Zd such
thatu · vi = 1 for all i [21]. Thusvi’s will lie on the hyperplane with normalu at a distance
1/‖u‖ from the origin inRd . This imposes the following condition on the charge vectors
Q(a):

q∑
i=1

Q
(a)
i = 0, a = 1, . . . , q − d (3.5)

To put our discussions in the language of the gauged linear sigma model, recall thatCq is a
symplectic manifold with the standard symplectic formω = i

∑q
i=1 dzi ∧ dz̄ī. The maximal

compact subgroupG := U(1)q−d of (C∗)q−d acts covariantly on a symplectic manifold
(Cq, ω) by symplectomorphisms. The infinitesimal action will give rise to a moment map
µ : Cq → g∗ by Poisson brackets. In coordinates, the components ofµ : Cq → Rq−d are
given by

µa =
q∑

i=1

Q
(a)
i |xi|2 − ra (3.6)

wherera are undetermined additive constants. The symplectic reduction is then defined as

V (r) ≡ µ−1(0)

G
. (3.7)

The structure ofV (r) will depend onr. It follows from (3.6) that every (C∗)q−d-orbit in
Cq will contribute at most one point toV (r). The value ofr will determine the contributing
orbits. For a fixedr, the set of (C∗)q−d-orbits which do not contribute is preciselyF
. The
quotient spaceV (r) carries a symplectic formωr by reducingω. The symplectic reduction
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carries a natural complex structure, in which the reduced symplectic form becomes a Kähler
form.

Now we will consider quotient singularities of the conifold (i.e. orbifolded conifold).
The conifold is a three dimensional hypersurface singularity inC4 defined by:

C : xy − uv = 0. (3.8)

The conifold can be realized as a holomorphic quotient ofC4 by theC∗ action given by
[22,15]

(A1, A2, B1, B2) 
→ (λA1, λA2, λ
−1B1, λ

−1B2) for λ ∈ C∗. (3.9)

Thus the charge matrix is the transpose ofQ′ = (1, 1, −1, −1) and
 = σ will be a convex
polyhedral cone inN′

R = R3 generated byv1, v2, v3, v4 ∈ N′ = Z3 where

v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), v4 = (1, 1, −1). (3.10)

The isomorphism between the conifoldC and the holomorphic quotient is given by

x = A1B1, y = A2B2, u = A1B2, v = A2B1. (3.11)

We take a further quotient of the conifoldC by a discrete groupZk × Zl. HereZk acts on
Ai, Bj by

(A1, A2, B1, B2) 
→ (e−2πi/kA1, A2, e
2πi/kB1, B2), (3.12)

andZl acts by

(A1, A2, B1, B2) 
→ (e−2πi/lA1, A2, B1, e
2πi/lB2). (3.13)

Thus they will act on the conifoldC by

(x, y, u, v) 
→ (x, y, e−2πi/ku, e2πi/kv) (3.14)

and

(x, y, u, v) 
→ (e−2πi/lx, e2πi/ly, u, v). (3.15)

Its quotient is called the hyper-quotient of the conifold or the orbifolded conifold and denoted
by Ckl. To put the actions(3.11)–(3.13)on an equal footing, consider the over-latticeN:

N = N′ + 1

k
(v3 − v1) + 1

l
(v4 − v1). (3.16)

Now the lattice pointsσ ∩ N of σ in N is generated by (k + 1)(l + 1) lattice points as
a semigroup (These lattice points will be referred as a toric diagram.). The charge ma-
trix Q will be (k + 1)(l + 1) by (k + 1)(l + 1) − 3. The discrete groupZk × Zl

∼= N/N′
will act on the conifoldC4//U(1) and its quotient will be the symplectic reduction
C(k+1)(l+1)//U(1)(k+1)(l+1)−3 with the moment map associated with the charge matrixQ.
The new toric diagram forCkl will also lie on the plane at a distance 1/

√
3 from the ori-

gin with a normal vector (1, 1, 1) and we draw a toric diagram on the plane forC57: The
action(3.14), (3.15)of Zk × Zl on the conifoldC can be lifted to an action onC4 whose
coordinates arex, y, u, v. The ring of invariants will beC[xl, yl, xy, uk, vk, uv] and the
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Fig. 1. A toric diagram forZ5 × Z7 hyper-quotient of the conifold,C57.

orbifolded conifoldCkl will be defined by the ideal (xy − uv)C[xl, yl, xy, uk, vk, uv]. Thus
after renaming variables, the defining equation for the orbifolded conifold will be

Ckl : xy = zl, uv = zk. (3.17)

Fig. 1shows the toric diagram forC57.

4. Open string description on small resolution of orbifolded conifolds

We resolve the orbifolded conifold in two steps. First let us consider a partial resolution
of the orbifolded conifold where all singularities are conifold singularities. This is obtained
by subdivision of the toric diagram. This subdivision is done by adding edges among the
adjacent lattice points in the toric diagram i.e. the points inσ ∩ N. Now there arekl singular
points and all of them are conifold singularities. The new toric diagram for this partial
resolution forC57 is shown inFig. 2. Now we make a further subdivision of the toric
diagram by putting edges between the vertices in the diagonal direction. For each square,
we put only one edge and we have two choices i.e. northeast or northwest diagonals. The
resulting geometry for this choice are related by flops and they induces Seiberg dualites
as explained in[6,13] in the gauge theory we are about to explain. This will createkl

newP1’s in the geometry and the local geometry around eachP1’s can be identified with
O(−1) +O(−1) ofP1. The resulting geometry will be called a resolved orbifolded conifold
or a small resolution of the orbifolded conifold. By puttingNij D5 branes on eachP1, we
consider type IIB theory on the world volume of D-branes. This gives a four dimensional
N = 1 pure Yang-Mills theory described by strings ending on the D5 branes with gauge



412 S. Hyun, K. Oh / Journal of Geometry and Physics 56 (2006) 405–417

Fig. 2. A toric diagram for a partially resolved orbifolded conifold,C57.

group

k∏
i=1

l∏
j=1

U(Nij). (4.1)

If the chain ofP1’s where D-branes are wrapped on is disconnected, then there will be no
interaction among gauge theories of each connected component in low energy limit. So we
will assume that the chain ofP1’s where D-branes are wrapped on is connected. Then there
are only two choices for this kind of small resolution.Fig. 3shows one of them forC57 and
the other one is obtained by changing the direction of diagonal edges. To relate this to type
IIA theory, consider a circle action on the orbifolded conifold

Ckl : xy = zl, uv = zk. (4.2)

given by

x → eiθx, y → e−iθy, u → eiθu, v → e−iθv (4.3)

Then this action lifts to an action on the small resolution of orbifolded conifold and the
lifted action acts on the normal bundleO(−1) +O(−1) of P1. To describe the action, we
introduce two copies ofC3 with coordinatesZ, X, Y (resp.Z′, X′, Y ′) for the first (resp.
second)C3. ThenO(−1) +O(−1) overP1 is obtained by gluing two copies ofC3 with the
identification:

Z′ = 1

Z
, X′ = XZ, Y ′ = YZ. (4.4)

The Z (resp.Z′) is a coordinate ofP1 in the first (resp. second)C3 and others are the
coordinates of the fiber directions. The blown-down map from the resolved conifoldC3 ∪ C3
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Fig. 3. A toric diagram for small resolution of the orbifolded conifold,C57.

to the conifoldC is given by

x = X = X′Z′, y = ZY = Y ′, u = ZX = X′, v = Y = Z′Y ′. (4.5)

From this map, one can see that the following action on the resolved conifold is an extension
of the action(4.3):

(eiθ, Z) → eiθZ, (eiθ, X) → X, (eiθ, Y ) → e−iθY

(eiθ, Z′) → e−iθZ′, (eiθ, X′) → eiθX′, (eiθ, Y ′) → Y ′ (4.6)

The orbits degenerates along the union of two complex linesZ = Y = 0 in the first copy
of C3 andZ′ = Y ′ = 0 in the second copy ofC3. Note that these two lines do not intersect
and in fact they are separated by the size ofP1. Now we take T-dual along the orbits ofSr of
type IIB theory obtained by wrappingN D5 branes on the rigidP1. Again there will be two
NS branes along the degeneracy loci of the action: one NS brane, denoted byNSX, spaced
alongX direction (which is defined byZ = Y = 0 in the firstC3) and the other NS brane,
denoted byNSY ′ alongY ′ direction (which is defined byZ′ = X′ = 0 in the secondC3).
Therefore the T-dual picture will be a brane configuration of D4 brane along the interval
with two NS branes in the ‘orthogonal’ direction at the ends of the the interval. Here the
length of the interval is the same as the size of the rigidP1. Hence the type IIA brane picture
of the orbifolded conifold will be a web of D4 branes in the interval and NS branes on the
intersections.Fig. 4 shows the type IIA brane configuration ofC57 corresponding to type
IIB picture Fig. 3 where D4 branes are along the edges and NS branes are located at the
dots.
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Fig. 4. Type IIA brane picture of small resolution of the orbifolded conifold,C57.

5. Closed string description on deformed orbifolded conifold

In the largeNij limit in large ’t Hooft parameter regime, we have gaugino condensation
and mass gap as noticed in[10]. The theory lives on a geometry where theP1 cycles have
shrunk andS3 cycles have grown and RR fluxes through them and NS fluxes through their
dual cycles have been created. This new geometry is a complex deformation of the partially
resolved orbifolded conifold. As one may have noticed, we are only deforming a part of the
orbifolded conifold. These are so called normalizable deformations. These normalizable
deformations correspond to dynamical fields. The local geometry aroundP1 cycle where
Nij D branes wrapped goes into a geometric transition to a deformed conifold and the
deformed geometry is given by an equation

x2 + y2 + u2 + v2 = ζij. (5.1)

with holomorphic three form

� ∼ dx dy du√
ζij − x2 − y2 − u2

. (5.2)

Now P1 disappeared and three sphereAij
∼= S3 has been created instead. The three sphere

lies as a Lagrangian 3-cycle in the local geometry which is the cotangent bundle ofS3. The
period of the holomorphic three-form� over the 3-cycleAij is given by

Sij =
∫

Aij

� ∼ ζij

4
. (5.3)

The period over the non-compact dual cycleBij is divergent and hence we introduce a cut
off �0 to regulate the infinity:

�ij =
∫ �0

Bij

� ∼ 1

2πi
(−3Sij log�0 − Sij + Sij logSij) + · · · . (5.4)
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As in the other geometric transitions[8,10], Sij is identified with the glueball fieldSij =
− 1

32π2 TrSU(Nij)WαWα of the non-Abelian factorSU(Nij) of U(Nij) in the dual theory. The
Sij will be massive and obtain particular expectation values due to the superpotentialWeff.
The dual superpotentialWeff arises from the non-zero fluxes left after the transition. The
deformed geometry will haveNij units ofHR flux through theAij

∼= S3 cycle due toNij

D5 branes wrapped on theP1 cycle before the transition, and there is also anHNS flux αij

through each of the dual non-compact cycleBij
∼= R3 with 2πiαij = 8π2/g2

0 given in terms
of the bare coupling constantg0 of theU(Nij) theory.

Thus the effective superpotential is

− 1

2πi
Weff =

k∑
i=1

l∑
j=1

(∫
Aij

HR

∫
Bij

� −
∫

Bij

HNS

∫
Aij

�

)

=
k∑

i=1

l∑
j=1

(Nij�ij + αijSij). (5.5)

After identifying �0 with the UV-cutoff� in the dual gauge theory, we obtain the usual
low energy superpotential associated with theSU(Nij) glueballs:

Weff =
k∑

i=1

l∑
j=1

Sij


log

�3Nij

S
Nij

ij

+ Nij


 . (5.6)

Integrating out the massiveSij by solving

∂Weff

∂Sij

= 0 (5.7)

leads toNij supersymmetric vacua ofSU(Nij) N = 1 supersymmetric Yang-Mills:

〈Sij〉 = exp

(
2πim

Nij

)
�3, m = 1, . . . , Nij. (5.8)

The dual theory obtained after the transition is anN = 2

k∏
i=1

l∏
j=1

U(1) ≡ U(1)kl (5.9)

gauge theory broken toN = 1 U(1)kl by the superpotentialWeff (5.5) [23]. TheSij, which
are the sameN = 2 multiplet as the theU(1)kl, get masses and frozen to particular〈Si〉
by Weff. On the other hand, theN = 1 U(1)kl gauge fields remain massless. The couplings
τiji′j′ of theseU(1)’s can be determined by�ij or theN = 2 prepotentialF(Sij), with
�ij = ∂F/∂Sij:

τiji′j′ = ∂�ij

∂Si′j′
= ∂2F(Sij)

∂Sij∂Si′j′
. (5.10)

The couplings should be evaluated at the vacua〈Sij〉 obtained in(5.8). It is possible to con-
sider M thoery by lifting type IIA brane configuration which is constructed in the previous
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section and investigate the largeN limit via Witten’s MQCD formalism. We denote the
finite direction of D4 branes byx7 and the angular coordinate of the circleS1 in the 11-th
dimension byx10. Thus the NS branes are separated along thex7 direction. We combine
them into a complex coordinate

t = exp(−R−1x7 − ix10) (5.11)

whereR is the radius of the circleS1 in the 11-th dimension. In MQCD[24], the classical
type IIA brane configuration turns into a single fivebrane whose world-volume is a product
of the Minkowski spaceR1,3 and the M-theory curve� in a flat Calabi-Yau manifold

M = C2 × C∗, (5.12)

whose coordinates areu, v, t. Classically , theu, v-coordinates of the M-theory curve�
describes the location of NS branes in the type IIA picture. By lifting this to the M-theory,
the location of the D4 branes on the NS brane will be smeared out as D4 brane acquire
11-th direction. So, at quantum level, the M-theory curve is obtained by merging tubular
neighborhood around edges inFig. 4which represents D4 branes and NS branes located dots
in Fig. 4. A lifting from the compact part of the Jacobian of the curves to the non-compact
part can be viewed as a geometric transition from M-theory point of view[12].
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